Abstract. We construct canonical strongly bicovariant differential graded algebra structures on all four flavours of cross product Hopf algebras, namely double cross products A ֒→ A⊲⊳H ←֓ H, double cross coproducts A և A◮ ◭H ։ H, biproducts A ֒→ ևA· ⊲<B and bicrossproducts A ֒→ A◮⊳H ։ H on the assumption that the factors have strongly bicovariant calculi Ω(A), Ω(H) (or a braided version Ω(B)). We use super versions of each of the constructions. Moreover, the latter three quantum groups all coact canonically on one of their factors and we show that this coaction is differentiable. In the case of the Drinfeld double D(A, H) = A op ⊲⊳H (where A is dually paired to H), we show that its canonical actions on A, H are differentiable. Examples include a canonical Ω(Cq[GL 2 ⋉ C 2 ]) for the quantum group of affine transformations of the quantum plane and Ω(C λ [Poinc 1,1 ]) for the bicrossproduct Poincaré quantum group in 2 dimensions. We also show that Ω(Cq[GL 2 ]) itself is uniquely determined by differentiability of the canonical coaction on the quantum plane and of the determinant subalgebra.
Introduction
A modern 'quantum groups' approach to noncommutative geometry starts with differential structures on quantum groups or Hopf algebras and associated comodule algebras, expressed in the form of a differential graded algebra (DGA), see [9, 3] and an extensive literature. In general, there will be many such DGAs on a given Hopf algebra even if we demand left and right translation invariance (i.e., bicovariance). The most general result here, an immediate consequence of the Hopf module lemma first pointed out by Woronowicz [26] , is that bicovariant calculi at first order correspond to (say) right ideals of the augmentation ideal that are stable under the right adjoint coaction. This, however, only translates the problem to finding such ideals. If the Hopf algebra is coquasitriangular and essentially factorisable then a general classification was obtained in [15] and later in [2] in terms of the irreducible corepresentations, but for other types of Hopf algebra there are no such general results. Of particular interest are inhomogeneous quantum groups, normally some form of cross product of 'translations' and 'rotations' coacting on another copy of the former. This is needed in physics for a quantum Poincaré group coordinate algebra coacting on quantum spacetime, but until now there has generally been no canonical choice of differential structure needed further to develop the geometry of such inhomogeneous quantum groups.
Here we solve this problem for all main flavours of inhomogeneous quantum groups in a way which, rather than classifying all bicovariant calculi, selects out a canonical calculus for given calculi on the factors with the property that the inhomogeneous quantum group coacts differentiably on its canonically associated comodule algebra.
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This applies to biproduct Hopf algebras A· ⊲<B where A acts and coacts on a braidedHopf algebra B from the same side [24, 12, 8] and the biproduct coacts on B, bicrossproducts A◮⊳H where H acts on A and A coacts on H [10, 8] and the bicrossproduct coacts on H, and double cross coproducts A◮ ◭H where each factor coacts on the other and the double cross coproduct coacts on each factor. The fourth flavour is in principle the double cross product A⊲⊳H where each factor acts on the other and the double acts canonically on A * , H * , but differentiability would need us to have calculi on A * , H * which is further data that would need to be supplied. The special case of the Drinfeld double D(A, H) = A op ⊲⊳H in the generalised form for dually paired Hopf algebras A, H (as introduced by the 2nd author [10, 8] ), however, has a canonical action on H, A and these we show are differentiable as actions. (This is a slightly unusual concept for a noncommutative geometer if we think of our algebras as 'coordinate algebras', but arises naturally here.) We also note that first order differential calculi on finite group bicrossproducts C(M )◮⊳CG, where a finite group factorises into G, M , were classified in [22] if one wants the full moduli of these in isolation.
Our approach starts with the notion of a strongly bicovariant exterior algebra Ω(A) introduced in [20] . Here an exterior algebra means Ω(A) = ⊕ i Ω i is a graded algebra with a graded derivation d with d 2 = 0 (a DGA) which is generated by Ω 0 = A and Ω 1 = AdA. This is strongly bicovariant if Ω(A) is a super-Hopf algebra with coproduct ∆ * (say) where ∆ * | A = ∆, the coproduct of A, in degree zero and d is a graded coderivation in the sense
where (−1) | | ω = (−1) |ω| for ω of degree |ω|. It was shown in [20] that the canonical exterior algebra due to Woronowicz [26] of a first order bicovariant calculus is strongly bicovariant with ∆ * | Ω 1 = ∆ L + ∆ R in terms of the coactions on Ω 1 induced by ∆ (that the Woronowicz construction gives a super-Hopf algebra here was already known [4] while the supercoderivation property was new). Conversely, if Ω(A) is strongly bicovariant then ∆ * | Ω i ⊆ (A ⊗ Ω i ) ⊕ · · · ⊕ (Ω i ⊗ A) recovers the left and right coactions on each Ω i as the outer components, making Ω(A) bicovariant as a left and right comodule algebra, but contains a lot more information in the intermediate components. One can add to this the idea that an algebra B with say a right coaction ∆ R : B → B ⊗ A has an exterior algebra Ω(B) such that ∆ R extends to ∆ R * : Ω(B) → Ω(B)⊗Ω(A) as a super comodule algebra. Then ∆ R is said to be differentiable. This is used in [3] in a different context from the present paper, namely in the theory of quantum principal bundles and fibrations. Exact definitions and any further conditions are provided in the preliminaries Section 2.
Our canonical construction in this context will be to construct the required exterior algebra as a super extension of the same flavour of cross (co)product. Thus we define Ω(A⊲⊳H) := Ω(A)⊲⊳Ω(H) and Ω(A◮ ◭H) := Ω(A)◮ ◭Ω(H) in Section 3, Ω(A· ⊲<B) := Ω(A)· ⊲<Ω(B) in Section 4 and Ω(A◮⊳H) := Ω(A)◮⊳Ω(H) in Section 5, using the obvious super-Hopf versions of the cross products. In each case, the new part is to check that the exterior derivative d extends correctly so that the result is strongly bicovariant, and that the canonical (co)actions where applicable are differentiable.
We will see that this approach is remarkably effective across a range of otherwise rather complicated examples in the literature. Thus, bicovariant calculi on the Sweedler-Taft algebra U q (b + ) (a sub-Hopf algebra of U q (su 2 )) were studied in [23] and our construction lands on the most natural one in the classification [19] but now uniquely determined by the Hopf algebra coacting differentiably on C[x] with its unique finite-difference form of bicovariant calculus. This is a warm-up for the Poincaré quantum group C λ [Poinc 1,1 ] = C[SO 1,1 ]◮⊳U (b + ) in a family of models of quantum spacetime [16] . We show in Proposition 5.5 that this has a unique exterior algebra Ω(C λ [Poinc 1,1 ]) such that the natural coaction of the Poincaré quantum group on the associated quantum spacetime U (b + ) is differentiable. Here U (b + ) with primitive generators x, t and relations [x, t] = λx is regarded as the algebra of spacetime coordinates in 1+1 dimensions, equipped with its unique Poincaré covariant calculus from [25] .
The larger picture that emerges in this work is that we should not choose differential structures independently on each algebra but in a coherent manner such that natural maps between them are differentiable. Thus, it is well known following Manin [21] that the structure of C q [GL 2 ] itself is largely determined by its coaction on the quantum plane (and on its Koszul dual). In passing, in Proposition 4.11, we go a step further and show that the standard but rather complicated relations of its 4D differential calculus are similarly determined uniquely by requiring differentiablity of this coaction on the quantum plane and of the determinant subalgebra. Similarly, although we will not study it in detail here, Example 3.9 specialises to provide a canonical Ω(C q [SO 1, 3 ]) such that its coaction on C q [SU 2 ] as the unit q-hyperboloid in q-Minkowski spacetime [17] is differentiable. The general Hopf algebraic picture here is that if A is any coquasitriangular Hopf algebra then the coquasitriangular structure provides a (skew) pairing of A with itself and hence a canonical 'double' coquasitriangular Hopf algebra D(A, A) = A⊲⊳A, so we have a canonical calculus Ω(A⊲⊳A) := Ω(A)⊲⊳Ω(A) in Section 3.3. There is also an isomorphism A⊲⊳A ∼ = A· ⊲<A where A is the transmutation of A, see [8] , so we can also view this as Ω(A)· ⊲<Ω(A). This provides the motivating construction to lead from Section 3 to Section 4.
Preliminaries on strongly bicovariant differential calculi
Here we recall what is meant by a strongly bicovariant differential calculus on a bialgebra or Hopf algebra, following [20] , and what it means for a coaction by it to be differentiable. We also look at what it means for an action to be differentiable. The section includes some first lemmas that will be needed later as well the example of the FRT bialgebra A(R) in the q-Hecke case coacting differentiably on the associated quantum plane.
2.1. Super, braided and super-braided Hopf algebras. Let k be a field. We recall that a Hopf algebra A is a unital algebra together with algebra maps coproduct ∆ : A → A ⊗ A and counit ǫ : A → k forming a coalgebra, and equipped with an antipode map S : A → A defined by (Sa (1) )a (2) = ǫa = a (1) Sa (2) for all a ∈ A, where we use the Sweedler notation ∆a = a (1) ⊗a (2) (summation understood). More generally, a super-Hopf algebra is a Z 2 -graded Hopf algebra A, where A = A 0 ⊕ A 1 with grade |a| = i for a ∈ A i , and i = 0, 1. Here the coproduct ∆ : A → A⊗A respects the total grades and is an algebra map to the super tensor product algebra
for a, b, c, d ∈ A. The counit also respects the grade and hence ǫ| A1 = 0 if we work over a field k. If A is a super-Hopf algebra then A⊗A is also a super-Hopf algebra, with
where |a| is the degree of a.
The notions of action and coaction under a Hopf algebra similarly have super version, namely respecting the total degree. Thus V = V 0 ⊕ V 1 is a super right A-module algebra if V is a super right A-module by ⊳ : V ⊗ A → A and additionally (vw)⊳a = (−1)
and a super right A-module coalgebra if additionally
for all homogeneous v, w ∈ V and a ∈ A. Similarly, V is a super right A-comodule algebra if V is a super right A-comodule by ∆ R :
and a super right A-comodule coalgebra if additionally
for all homogeneous v, w ∈ V and a ∈ A. There is also an equally good left-handed version of super A-(co)module (co)algebra.
The usual notion of crossed or Drinfeld-Radford-Yetter modules (c.f. [8, 12, 24] ) also has a super version: V is a super right A-crossed module over a super-Hopf algebra A if V is both a super right A-module and a super right A-comodule, such that
for all homogeneous v ∈ V and a ∈ A. The category M A A of super right A-crossed modules is a prebraided category with the braiding Ψ :
and braided if A has invertible antipode, which we will assume throughout.
Next we recall that a braided Hopf algebra (or 'braided group') B as introduced and studied in [11, 14] is a Hopf algebra in a braided category C, where we view the unit element as morphism η : 1 → B, and the product, coproduct, counit ǫ : B → 1 and antipode are morphisms. In a concrete setting, we denote the coproduct of a braided Hopf algebra as ∆b = b (1) ⊗ b (2) (summation understood) where ∆ is an algebra morphism to the braided tensor product algebra so that (2) , with the braiding Ψ of the category on B ⊗ B. In the category of super or Z 2 -graded vector spaces, this just means a super-Hopf algebra since the categorical braiding on B is Ψ(b⊗c) = (−1) |b||c| c⊗b. We will also need the notion of super braided-Hopf algebra satisfying the same axioms as a braided-Hopf algebra but Z 2 -graded and with an extra factor (−1)
| || | in every braiding. This assumes direct sums in the category and can be viewed as a braided Hopf algebra in a super version of the braided category where objects are of the form V 0 ⊕ V 1 and the braiding has the additional signs according to the degree.
When A is an ordinary Hopf algebra and B is a braided-Hopf algebra in M A A the category of ordinary right A-crossed modules, there is an ordinary Hopf algebra A· ⊲<B. This is the bosonisation cf [13] or biproduct [24, 12] of B built on A ⊗ B with product and coproduct
This structure was found in [24] from a study of Hopf algebras with projection (they are of this form) prior to the theory of braided-Hopf algebras, while the above formulation is due to the second author in [12] . If A is (co)quasitriangular then a functor from A-(co)modules to A-crossed modules leads to special cases of (co)bosonisation in the more strict original sense of [13] . There is also an equally good left-handed version for braided-Hopf algebra B in category of left A-crossed modules A A M which gives a bosonisation B>⊳ ·A. 
It is said to be right covariant if Ω 1 is a right Acomodule with right action ∆ R :
is both left and right covariant, it is said to be bicovariant.
By exterior algebra on A, we will mean that A, Ω 1 as above extends to a differential graded algebra Ω = ⊕ n≥0 Ω n generated by A = Ω 0 , Ω 1 and d extends to d : Ω n → Ω n+1 such that d 2 = 0 and the graded Leibniz rule d(ωη) = (dω)η + (−1) |ω| ωdη holds for all ω, η ∈ Ω. Here |ω| denotes the degree of ω. Again, when A is a Hopf algebra, Ω is left covariant if it is a left A-comodule algebra with graded ∆ L commuting with d, and similarly for the right covariant case and bicovariant cases. Finally, an exterior algebra Ω is strongly bicovariant [20] if it is a super-Hopf algebra with super-degree given by the grade mod 2, the super-coproduct ∆ * is grade preserving and restricts to the coproduct of A, and d is a super-coderivation in the sense
as discussed in the introduction. It is proved in [20] that any strongly bicovariant exterior algebra is bicovariant, justifying the terminology, with
Given (A, Ω 1 , d), one has the maximal prolongation exterior algebra Ω max where we impose the quadratic relation i db i dc i + j dr j ds j whenever i db i .c i − j r j ds j = 0 is a relation in Ω 1 , where b i , c i , r i , s i ∈ A. For a bicovariant (A, Ω 1 , d) on a Hopf algebra one has a canonical exterior algebra Ω wor in [26] , see [18] for a modern treatment. In this case both Ω max and Ω wor are strongly bicovariant, see [18] and [4] respectively.
Finally, in the strongly bicovariant case it follows [20] by a super version of the Radford-Majid biproduct theorem [24, 12] that Ω ∼ = A· ⊲<Λ is super-bosonisation, where Λ = ⊕ i≥1 Λ i is the subalgebra of left-invariant differential forms and forms a super braided-Hopf algebra in category of right A-crossed modules M A A .
Lemma 2.1. Let A, H be Hopf algebras, and let Ω(A), Ω(H) be strongly bicovariant exterior algebras. Then Ω(A ⊗ H) := Ω(A)⊗Ω(H) is a strongly bicovariant exterior algebra with super tensor product algebra, super tensor coproduct coalgebra and differential
Proof. It is easy to see that
for all a, b, c ∈ A and h, g, f ∈ H. The graded Leibniz-rule holds since d(ω) = d A ω and d(η) = d H η for all ω ∈ Ω(A) and η ∈ Ω(H), and the algebra is just a super tensor product algebra. The new part is that d is a super-coderivation :
Furthermore, A ⊗ H acts and coacts on
Thus there is a bosonisation (A ⊗ H)· ⊲<(Λ A ⊗ Λ H ) and it is easy to show that 
where we denote
If ∆ R * exists then it is uniquely determined from ∆ R . For instance on Ω 1 (B), we would need
where the first term is the coaction ∆ R : Ω 1 (B) → Ω 1 (B) ⊗ A and the second term is the map
which we require to be well-defined.
3) is well-defined and Ω(B) is the maximal prolongation of Ω 1 (B) then ∆ R * extends to all degrees and the coaction ∆ R is differentiable.
Proof. This is in [3] but to be self-contained, we give our own short proof. In fact, it suffices to prove that ∆ R * extends to Ω 2 (B) since the maximal prolongation is quadratic. So we need to check that ∆ R * (ξη) = ∆ R * (ξ)∆ R * (η) is well-defined for ξ, η ∈ Ω 1 (B). Suppose we have the relation bd B c = 0 in Ω 1 (B) (sum of such terms understood) which implies that d B bd B c = 0 ∈ Ω 2 (B). Applying ∆ R * to the relation in Ω 1 (B) we have
Applying id ⊗ d A to the first equation and d B ⊗ id to the second equation then subtracting them gives us
which is the Ω 2 (B) ⊗ id part. Finally, applying id ⊗ d A to the second equation gives
which is the B ⊗ Ω 2 (A) part. Since all relations in the maximal prolongation are sent to zero then ∆ R * extends to Ω 2 (B), which completes the proof.
There is an equally good left-handed definition of differentiable coaction, where the left coaction ∆ L : B → A ⊗ B extends to degree preserving map ∆ L * : Ω(B) → Ω(A)⊗Ω(B) of exterior algebra. We also need a concept of differentiable action, which we introduce now 
If the action is differentiable, then it is uniquely determined. For instance, on Ω 1 (B) and Ω 2 (B), we have
where the (d B b)⊳a is given as is d B (b⊳a), hence b⊳d A a is determined, and hence also ⊳ :
. Similarly the second equation specifies ⊳ :
. The action also obeys module algebra axiom, for example
for all η, ξ ∈ Ω(B) and a ∈ A, hence Ω(B)⊗Ω 1 (A) → Ω(B) is specified.
Lemma 2.5. Let B be an A-module algebra with an exterior algebra Ω(B) which is also an A-module algebra and Ω(A) is the maximal prolongation of
for all η ∈ Ω(A) and a, c ∈ A then ⊳ extends to ⊳ : Ω(B)⊗Ω(A) → Ω(B) as differentiable action.
Proof. First we check that ⊳ :
We now suppose that Ω(A) is the maximal prolongation of Ω 1 (A) and show that we can extend the above to a right action of Ω(A) of all degrees. The higher relations relations are quadratic of the form d A ad A c = 0 for ad A c = 0 (a sum of such terms understood) and we check that
as required. Indeed this gives an action of Ω 2 (A) in the sense
and since Ω(A) is the maximal prolongation of Ω 1 (A), then there is no new relations in higher degree and thus ⊳ can be extended further to be an action of Ω(A) of all degrees, making Ω(H) a super right Ω(A)-module.
Next we check that Ω(B) is a super right Ω(A)-module algebra with regard to the action of Ω 1 (A),
where we see the coproduct
of Ω(A). As a direct consequence, one can find that
as required for the action of general elements of Ω 1 (A). Since Ω(A) is the maximal prolongation of Ω 1 (A), then by taking ad A c = 0, one can check that
There is an equally good left-handed definition of differentiable action, where the left action ⊲ :
2.4. Differentials on the FRT bialgebra. We recall that the FRT-bialgebra [7] A(R) is generated by t = (t i j ) such that
where (i, j) label the first copy and (k, l) the second. In the compact notation the numerical suffices indicate the position in the tensor matrix product, e.g.
We ask for R to satisfy the Yang-Baxter equation R 12 R 13 R 23 = R 23 R 13 R 12 (equivalent to the braid relation) and for the present purpose to be q-Hecke, which means that it satisfies
in terms of the Kronecker delta or identity matrix. The q-Hecke condition is equivalent to R 21 R = id + (q − q −1 )P R where R 21 = P RP has the tensor factors swapped.
It is already proven in [8, Prop. 10.5.1] that A(R) in the q-Hecke case is an additive braided Hopf algebra in the braided category of A(R) cop ⊗A(R)-right comodules (or A(R)-bicomodules) with coproduct ∆t = t⊗1+1⊗t, or in a compact notation t ′′ = t ′ + t where t ′ is a second copy of t, and t ′′ obeys FRT-bialgebra relation provided t
This expresses the braided Hopf algebra homomorphism property of the coproduct with respect to the relevant braiding Ψ(t 1 ⊗ t 2 ) = R 21 t 2 ⊗ t 1 R, see [8] for details. As a consequence, as for any additive braided-Hopf algebra, it followed that A(R) has a bicovariant exterior algebra Ω(A(R)) generated by t and dt with bimodule relations as in the next lemma. The new part is that this makes Ω(A(R)) strongly bicovariant. Lemma 2.6. Let A(R) be the FRT-bialgebra with R q-Hecke. The exterior algebra Ω(A(R)) with bimodule and exterior algebra relations (dt 1 )t 2 = R 21 t 2 dt 1 R and dt 1 dt 2 = −R 21 dt 2 dt 1 R as in [8] is strongly bicovariant with ∆ * dt = dt⊗ t+ t⊗ dt.
Proof. The exterior algebra was already constructed in [8] , but we provide a short check of the Leibniz rule so as to be self-contained. Thus, on generators,
where we used R 21 = R −1 + (q − q −1 )P for the 2nd equality and t 1 dt 2 P = P t 2 dt 1 for the 3rd. Applying d once more to the stated bimodule relation on degree 1 gives the stated relations in degree 2 and there are no further relations in higher degree, which means that Ω(A(R)) is the maximal prolongation of Ω 1 (A(R)).
The new part is the super-coproduct ∆ * , which is uniquely determined by the super-coderivation property but we need to check that it is well-defined. Thus,
Since Ω(A(R)) is the maximal prolongation, we do not in principle need to check the relations in higher degrees due to arguments similar to the proof of Lemma 2.3. In practice, however, we check the degree 2 relations explicitly. Thus
The two expressions are equal since
Now consider additive braided-Hopf algebras V (R) on which A(R) right coacts. These are the q-Hecke case of the general construction in [8, Prop. 10.2.8] and are generated by x = (x i ) regarded as a vector row with relations qx 1 x 2 = x 2 x 1 R with coaction ∆ R x = x ⊗ t. The braided Hopf algebra structure (due to the 2nd author) is expressed in [8, Thm. 10.2.6] as braided addition
qR (the latter expresses the braiding Ψ(x 1 ⊗ x 2 ) = x 2 ⊗ x 1 qR induced by the coquasitriangular structure R(t 1 ⊗ t 2 ) = qR). As before, the additive braided-Hopf algebra theory implies the maximal prolongation exterior algebra Ω(V (R)) given at the end of [8, Chapter 10.4] with the relations shown in the next lemma. A more formal treatment of the exterior algebras on an additive braided Hopf algebra, which underlies both Ω(A(R)) and Ω(V (R)), recently appeared in [18, Prop. 2.9] . The new part now is that ∆ R is differentiable.
Lemma 2.7. Let V (R) be the right A(R)-covariant braided plane with R q-Hecke. The exterior algebra Ω(V (R)) with bimodule and exterior algebra relations (dx 1 )x 2 = x 2 dx 1 qR and −dx 1 dx 2 = dx 2 dx 1 qR as in [8] has differentiable right coaction with
Proof. That ∆ R * is well-defined on degree 1 is
This is sufficient by Lemma 2.3 since Ω(V (R)) is the maximal prolongation of Ω 1 (V (R)). If one wants to see it explicitly on degree 2, this is
which simplifies to the first expression.
We will suppose later that A(R) has a central grouplike element
] is a Hopf algebra. For the standard C q [GL n ] R-matrix, this is just the q-determinant allowing St to be constructed as D −1 times a q-matrix of cofactors. (Another approach, which we will not take, is to assume that R is 'bi-invertible' and define a Hopf algebra by reconstruction from a rigid braided category defined by R.) It is easy to see that the above Ω(A(R)) extends to a strongly bicovariant exterior algebra Ω(A) with dD
Differentials on double (co)cross products
Here we briefly cover the quantum group construction ⊲⊳ from [10] and its dual ◮ ◭ in the notation of [8] . The former includes the Drinfeld double of a Hopf as generalised in [10] to the case of dually paired Hopf algebras.
3.1. Exterior algebras by super double cross product. Let A and H be two bialgebras or Hopf algebras with H a right A-module coalgebra by ⊳ : H ⊗ A → H, and A is a left H-module coalgebra by ⊲ : H ⊗ A → A. We suppose that ⊳ and ⊲ are compatible as in [10, 8] such that they form a double cross product Hopf algebra A⊲⊳H.
Now let Ω(A)
and Ω(H) be strongly bicovariant exterior algebras, and let ⊳ and ⊲ extend to ⊳ : Ω(H)⊗Ω(A) → Ω(H) and ⊲ : Ω(H)⊗Ω(A) → Ω(A) as module coalgebras such that
If ⊳ and ⊲ obey the super double cross product conditions
then we have a super double cross product bialgebra or Hopf algebra Ω(A)⊲⊳Ω(H) with super tensor product coalgebra and product
for all η, ξ ∈ Ω(H) and ω, τ ∈ Ω(A). We omit the proof that Ω(A)⊲⊳Ω(H) is a super Hopf algebra since this is similar to the usual version [10, 8] with extra signs.
Theorem 3.1. Let A, H be bialgebras or Hopf algebras forming a double cross product A⊲⊳H and let Ω(A) and Ω(H) be strongly bicovariant with ⊳, ⊲ obeying (3.1)-(3.6). Then Ω(A⊲⊳H) := Ω(A)⊲⊳Ω(H) is a strongly bicovariant exterior algebra on A⊲⊳H with differential
, we show that the graded Leibniz rule holds as
Clearly d 2 = 0 and thus Ω(A)⊲⊳Ω(H) is a DGA. Finally since ∆ * is a super tensor coproduct as in Lemma 2.1, d is a super-coderivation.
Remark 3.2. If A is finite dimensional, it is known cf [8] that A⊲⊳H acts on A * as a module algebra by
for all φ ∈ A * , a ∈ A, and h ∈ H. Similarly for a left action on H * . However, for differentiability, we would need Ω(A * ) or Ω(H * ) to be specified. We focus in the next section on a special case where this is not a problem.
Exterior algebra on generalised quantum doubles D(A, H).
Let A, H be dually paired Hopf algebras with duality pairing , : H ⊗ A → k. Then, A acts on H and H acts on A by the following actions
and one has a generalised quantum double D(A, H) = A op ⊲⊳H [10, 8] . In this case, the product becomes (3) . The finite-dimensional case with A = H * is Drinfeld's D(H) from [6] .
for all ω, τ ∈ Ω(A). Therefore we can define Ω(A op ) := Ω(A) op with differential d A . Now let Ω(H), Ω(A) be strongly bicovariant exterior algebras and suppose that the above pairing can be extended to a super Hopf algebra pairing , :
where only the part of ∆ 2 * η in H ⊗ Ω(H) ⊗ H contributes in the first action, and only the part of ∆ 2 * ω in A ⊗ Ω(A) ⊗ A contributes in the second action. One can check that the above actions obey conditions (3.1)−(3.6) for a super double cross product. Therefore, there is a super double cross product Ω(A)
op ⊲⊳Ω(H) with product
for all ω, τ ∈ Ω(A), η, ξ ∈ Ω(H) and super tensor product coalgebra. Note that in the above product, τ (2) and ω are crossed with η (2) and so we should have generated a factor (−1) (|η (2) |+|ω|)|τ (2) | but , is 0 on degree ≥ 1, and the part of ∆ op ⊲⊳Ω(H) is a strongly bicovariant exterior algebra on the generalised quantum double D(A, H) with differential
for all η ∈ Ω(H) and ω ∈ Ω(A). Moreover, the action of D(A, H) on H defined by g⊳(a ⊗ h) = g (2) , a (Sh (1) )g (1) h (2) is differentiable and extends to an action of
where only the part of ∆ * ξ in Ω(H) ⊗ H contributes. Explicitly
where
Similarly with left-right reversal for a differentiable left action of D(A, H) on A.
Proof. The first part of the proposition follows from Theorem 3.1. One can check the stated action makes Ω(H) a super right Ω(D(A, H))-module algebra. Moreover, ∆ * ξ = ∆ R ξ+terms of higher degree on the second factor, giving the explicit formula stated. It also respects d since
where in the last equation we have ξ⊳d(
The formulae with A, H and left-right swapped are left to the reader.
Example 3.4. Let H = U q (b + ) be a self-dual Hopf algebra generated by x, t with relations, comultiplication, and duality pairing
Let Ω(U q (b + )) be strongly bicovariant (it will be constructed later in Proposition 4.8) with the following bimodule relations and comultiplication
and Ω(U q −1 (b + )) as sub-strongly bicovariant exterior algebras, and the following cross-relations
Proof. One can check that , extends by 0 on degree ≥ 1. Then the stated crossed relations can be found by direct calculation and one can check that the graded Leibniz rule holds, and d is a super-coderivation. By Proposition 3.3,
(dt)⊳s = q −2 dt, (dt)⊳y = 0, (dx)⊳s = dx, (dx)⊳y = dt 1 − q 2 , t⊳ds = t⊳dy = x⊳ds = x⊳dy = 0.
Remark 3.5. It is known [6] 
where here U q (sl 2 ) is generated by K, x ± with the following relation
However, Ω(D(U q (b + ))) in Example 3.4 above does not descend to Ω(U q (sl 2 )) since
Example 3.6. Let U (su 2 ) be the enveloping algebra of su 2 with generators x a , for a = 1, 2, 3 with primitive coproducts and relations [x a , x b ] = 2λǫ abc x c where λ ∈ ıR is purely imaginary and ǫ abc is the totally antisymmetric tensor with ǫ 123 = 1.
(We work over C due to the physics context.) Let Ω(U (su 2 )) be a 4D strongly bicovariant exterior algebra with the following bimodule relations [1] [dx a ,
and primitives coproducts on dx a and θ.
Let C[SU 2 ] be the commutative Hopf algebra generated as usual by t = (t i j ), with determinant t 1 1 t 2 2 − t 1 2 t 2 1 = 1 and ∆t
) be the classical 3D strongly bicovariant exterior algebra with
) is a strongly bicovariant exterior algebra on C[SU 2 ])>⊳U (su 2 ) and contains Ω(C[SU 2 ]) and Ω(U (su 2 )) as sub-strongly bicovariant exterior algebras, and the following cross bimodule relations and Ω(U (su 2 )) by 0 for degree ≥ 1, giving the rest of the stated crossed relations on Ω(C[SU 2 ])>⊳Ω(U (su 2 )). One can also check that the graded Leibniz rule holds and that d is a super-coderivation. Each factor is a * -calculus (in the usual sense that * commutes with d and is a graded antilinear order-reversing involution), with the usual * -structure given by
. One can check that these result in a * -calculus, e.g.
By Proposition 3.3, the action of Ω(C[SU 2 ])>⊳Ω(U (su 2 )) on Ω(U (su 2 )) as a super module algebra is given by
Here S( ), provides σ −1 if we start with a Hopf algebra pairing. The above is then equivalent to a generalised quantum double A⊲⊳ σ H. By extending to σ : Ω(H)⊗Ω(A) → k by 0 for degree ≥ 1, we have a super double cross product Ω(A)⊲⊳ σ Ω(H), and by Theorem 3.1 we have Ω(A⊲⊳ σ H) := Ω(A)⊲⊳ σ Ω(H). In this equivalent approach, we work with a strongly bicovariant exterior algebra Ω(A) rather than with Ω(A) op .
3.3. Exterior algebra on A⊲⊳ R A. Recall [8] that a coquasitriangular Hopf algebra is a Hopf algebra A equipped with involution-invertible R :
for all a, b, c ∈ A. In this case we can view A as skew-paired with itself by σ = R in Remark 3.7 and have D(A, A) = A⊲⊳ R A with A left and right acting on itself by
for all a, b ∈ A to give the double cross product structure. The product is (a
Let Ω(A) be a strongly bicovariant exterior algebra, viewed as a super-coquasitriangular Hopf algebra with R extended by 0 on degree ≥ 1. The above actions extend to actions of Ω(A) on itself by
where only the part of ∆ 2 * η ∈ A ⊗ Ω(A) ⊗ A contributes in the first action, and only the part of ∆ 2 * ω ∈ A ⊗ Ω(A) ⊗ A contributes in the second action. One can check that these actions obey (3.1) -(3.6) and thus we have a super double version Ω(A)⊲⊳ R Ω(A) with product coproduct
for all ω, η, τ, ξ ∈ Ω(A). In the above product, the crossing between η (2) and τ (2) so we should have generated a factor (−1) |η (2) ||τ (2) | but R is 0 on degree ≥ 1, so only the parts of ∆ 2 * η and ∆ 2 * τ in A ⊗ Ω(A) ⊗ A contributes, resulting in |η (2) | = |η| and |τ (2) | = |τ |.
Corollary 3.8.
Let Ω(A) be a strongly bicovariant exterior algebra on a coquasitriangular Hopf algebra A. Then Ω(A⊲⊳ R A) := Ω(A)⊲⊳ R Ω(A) is a strongly bicovariant exterior algebra on A⊲⊳ R A with differential
and A⊲⊳ R A acts differentiably on A by a⊳(b ⊗ c) = R(a (2) , b)(Sc (1) )a (1) c (2) for all a, b, c ∈ A extending to an action of Ω(A)⊲⊳ R Ω(A) on Ω(A) by
Here only the part of ∆ * τ ∈ A ⊗ Ω(A) contributes. Moreover, there is a coaction
for a certain Ω(A) (See Section 4 and Remark 4.6.)
Proof. The first part of the statement follows from Proposition 3.3, where , is replaced by R, and S( ), is replaced by R −1 as in Remark 3.7. For the new part, since Ω(A) is strongly bicovariant we defer the proof that ∆ R * : Ω(A) → Ω(A)⊗Ω(A)⊲⊳ R Ω(A) above is globally defined. One can check that it respects d since
Example 3.9. Let R ∈ M n (R) ⊗ M n (R) be a q-Hecke R-matrix and A(R) the FRT bialgebra generated by t = (t i j ). We assume that there is a grouplike central D ∈ A(R) and we let A = A(R)[D −1 ] and Ω(A) its strongly bicovariant exterior algebra as explained in Lemma 2.6. Then Ω(A⊲⊳ R A) := Ω(A)⊲⊳ R Ω(A) has the cross relations and comultiplication
where s is the copy of t. Furthermore, A⊲⊳ R A acts on A and coacts on A differentiably.
Proof. The stated relations follow from A coquasitriangular with R(t 1 , t 2 ) = R and R(St 1 , t 2 ) = R −1 , with R extending as a super coquasitriangular structure on Ω(A(R)) by zero in degree ≥ 1. One can check that the Leibniz rule holds and d is a super-coderivation. By Corollary 3.8, the action of Ω(A)⊲⊳ R Ω(A) on Ω(A) as a super module algebra is given by
t 1 ⊳s 2 = t 1 R, (dt 1 )⊳s 2 = (dt 1 )R, t 1 ⊳ds 2 = 0, and the coaction of Ω(A)⊲⊳ R Ω(A) on Ω(A) as a super comodule algebra is given by
3.4.
Exterior algebras by super double cross coproduct. Let H and A be bialgebras or Hopf algebras with A a right H-comodule algebra with right coaction α : A → A ⊗ H and H a left A-comodule algebra with left coaction β : H → A ⊗ H. Suppose that α and β are compatible as in [8] such that they form a double cross coproduct H◮ ◭A.
Now let Ω(H)
and Ω(A) be strongly bicovariant exterior algebras and let α and β be differentibale with extensions α * : Ω(A) → Ω(A)⊗Ω(H) and β * : Ω(H) → Ω(A)⊗Ω(H) as super comodule algebras (commuting with d for the graded tensor product differential). Suppose further that α * and β * are compatible in the sense
Then there is a super double cross coproduct Ω(H)◮ ◭Ω(A) with super tensor product algebra structure, counit, and
We omit the proof that Ω(A)◮ ◭Ω(H) is a super Hopf algebra since this is just a super version of the usual double cross coproduct [8] .
Theorem 3.10. Let A, H be bialgebras or Hopf algebras forming a double cross coproduct H◮ ◭A and Ω(A), Ω(H) strongly bicovariant exterior algebras with α, β differentiable and α * , β * satisfying (3.7)-(3.9). Then Ω(H◮ ◭A) := Ω(H)◮ ◭Ω(A) is a strongly bicovariant exterior algebra on H◮ ◭A with differential
Proof. Since the algebra structure is the super tensor product, the graded Leibniz rule is already proved in Lemma 2.1. We need to prove d is a super-coderivation. Thus,
In the first equality we expand d(η ⊗ ω) by its definition, with its comultiplication in the second equality. Notice that ω (1) )), so that we obtain the third equality by the Leibniz rule for d
one can rewrite so as to obtain fourth equality, which is equivalent the required expression. (2) ) is differentiable. Similarly, the right coaction ∆ R : A → A ⊗ H◮ ◭A as a comodule algebra by ∆ R a = α(a (1) ) ⊗ a (2) is differentiable.
Proof. Write α(a) = a (0) ⊗ a (1) and β(h) = h (1) ⊗ h (∞) (summations understood). We check that ∆ L is a coaction:
(
(1)
We applied the definition of ∆ L twice in the first equality, and we used the condition (3.8) on h (2) (∞) in our notation of α and β to obtain the second equality. Then since β is a coaction, we rewrote (id ⊗ β)β(h (3) (∞) ) = (∆ H ⊗ id)β(h (3) (∞) ) to obtain the third equality, which is equivalent to the fourth equality. Then we used condition (3.9) to get the fifth equality, and hence the final expression. We also check that ∆ L is an algebra map:
Thus, H is a left H◮ ◭A-comodule algebra. The proof for ∆ R is similar. Since β * and α * globally exist as assumed in Theorem 3.10, it is clear that we can define
for all η ∈ Ω(H) and ω ∈ Ω(A), and that they have the required properties by our assumptions on α * , β * . For example on degree 1 we have
As an application, this provides in principle a strongly bicovariant exterior algebra on the quantum codouble coD( 
Differentials on biproduct Hopf algebras obtained by bosonisation
Here we cover quantum differentials on one of two cases where the Hopf algebra is a cross product as an algebra, which is typical for an inhomogeneous quantum group, namely biproducts or bosonisations [24, 12, 13, 8] . We start with a reinterpretation of Corollary 3.8.
4.1.
The special case of transmutation. Given a coquasitriangular Hopf algebra (A, R), its transmutation is a braided-Hopf algebra A introduced in [11] . Here A has the same coalgebra structure as A but modified product a • b = a (2) b (2) R((Sa (1) )a (3) , Sb (1) ) and lives in the braided category of right-modules M A where the right coaction is given by the adjoint coaction Ad R a = a (2) ⊗ (Sa (1) )a (3) . Furthermore there is a right action of A on A given by b⊳a
A , see [8] ). Either by cobosonisation dual to [13] or from the crossed module point of view, one has an ordinary Hopf algebra A· ⊲<A. It is known [8, Thm. 7.4.10] that A· ⊲<A ∼ = A⊲⊳ R A. Similarly, regarding a strongly bicovariant Ω(A) as coquastriangular by extending R by zero, it transmutes to a super-braided-Hopf algebra Ω(A). We write Ω(A) ∼ = A· ⊲<Λ as generated by A, Λ 1 as discussed above. 
for all v, w ∈ Λ 1 and a ∈ A. The exterior differential map of Ω(A) is the same as that of Ω(A). 
for all ω, τ ∈ Ω(A) and η, ξ ∈ Ω(A). Proof. For the first part, we define d to be the graded sum of d A and d A as in Theorem 3.1. That this gives a strongly bicovariant exterior algebra is a special case of Theorem 4.3 proven later, so here we omit the details. It is also clear once we have proven the asserted isomorphism of exterior algebras. To this end, let ϕ :
be the Hopf algebra isomorphism in [8, Thm. 7.4.10] . We extend this to a map ϕ * :
It is straightforward to check that ϕ * is a super-Hopf algebra map. We also need to check that ϕ * commutes with d and note that d on both sides is the graded sum of the d on each tensor factor. We check
The map ϕ * is invertible with inverse φ * (ω ⊗ η) = ωSη (1) ⊗ η (2) .
4.2.
Exterior algebras by super bosonisation. We now generalise the first part of Proposition 4.2, replacing A by any Hopf algebra and A by any braided Hopf algebra B in the category of right A-crossed modules.
To start with, suppose that A is a Hopf algebra with a strongly bicovariant exterior algebra Ω(A) and that B is a right A-comodule algebra with Ω(B) such that the right coaction
* as a differentiable coaction. Next we come to the more specific data: (i) assume that A also acts on Ω(B) so as to make this an A-crossed module algebra (an algebra in M 
for all ω, τ ∈ Ω(A) and η, ξ ∈ Ω(B). 
for all ω ∈ Ω(A), η ∈ Ω(B).
Proof. First note that Ω
The graded Leibniz rule holds since
for all η ∈ Ω(B) and ω ∈ Ω(A). Clearly d 2 = 0 and thus Ω(A)· ⊲<Ω(B) is a DGA. We also show that the calculus on A· ⊲<B is strongly bicovariant by showing that d is a super-coderivation as
which completes the proof.
In practice, since Ω(A) and Ω(B) are generated by their elements of degree 0 and 1, we can construct the bosonisation Ω(A)· ⊲<Ω(B) providing we know the action and coaction on degree 0 and degree 1.
Lemma 4.4. (i) If
B is an A-crossed module with differentiable action and coaction obeying
for all b ∈ B and for all a ∈ A, then Ω(B) is a super Ω(A)-crossed module algebra.
is well-defined and Ω(B) is the maximal prolongation of Ω 1 (B), then Ω(B) is a braided strongly bicovariant calculus, i.e. a super braided Hopf algebra in M
such that d B is a super-coderivation in the sense of (2.1).
Proof. (i) We first check,
This makes B is a crossed module as regards the action and coaction of Ω 1 (A). Similarly for Ω 1 (B), where we check using (2.2),
Since the action and coaction extend to ⊳ : Ω(B) ⊗ Ω(A) → Ω(B) and ∆ R * differentiably, and both exterior algebras are generated by degrees 0,1, it follows that ∆ R * (η⊳ω) obeys the crossed module condition in general, making Ω(B) a super Ω(A)-crossed module.
(ii) We need to prove that ∆ * (ξη) = (∆ * ξ)(∆ * η), and it suffices to prove that ∆ * extends to Ω 2 (B) since Ω(B) is the maximal prolongation of Ω 1 (B). Applying ∆ * to bd B c = 0 (a sum of such terms understood), we have
Applying d B ⊗ id to the first equation, we have 
) and thus completes the proof.
This lemma assists with the data needed for Theorem 4.3. Finally, we note that B is canonically an A· ⊲<B-comodule algebra by 
is well-defined and gives a coaction of Ω(A· ⊲<B) on Ω(B). For example, on degree 1 we have
Remark 4.6. In the special case of A· ⊲<A ∼ = A⊲⊳ R A in Proposition 4.2, the latter coacts on A differentiably and we recover Corollary 3.8.
We will give some q-deformed examples of the preceding section and for this it is convenient to use R-matrix methods starting with the FRT bialgebra A(R) and its strongly bicovariant exterior algebra. We start with some results at this level for R a q-Hecke solution of the braid relations, before moving to specific examples in following subsections. We use notations and conventions of [8] .
4.3. Exterior algebra on A· ⊲<V (R). Let A(R) be the FRT algebra and suppose that A(R) has a central grouplike element
] is a Hopf algebra. Let Ω(A) be a strongly bicovariant exterior algebra on A extended from Ω(A(R)) as explained in Section 2.6. We take the same ∆ R x = x ⊗ t on V (R) as in Lemma 2.7 but now viewed as a coaction of A. Ω(A) with coaction ∆ R * as in Lemma 2.7 and
where P is a permutation matrix. This defines a strongly bicovariant exterior algebra Ω(A· ⊲<V (R)) := Ω(A)· ⊲<Ω(V (R)) with relations, coproducts, and antipodes
Proof. Note that the degree 0 part is the Hopf algebra A· ⊲<V (R) and is just the qHecke case of the construction of inhomogeneous quantum groups by cobosonisation in [8] . Note that the action of Ω 1 (A) is not given as far as we know by a more general construction but rather we check directly that we indeed obtain Ω(V (R)) as a super right Ω(A)-crossed module. First, we have
Next, we have
This verifies that the conditions of Lemma 4.4 (i) hold and therefore Ω(V (R)) is a super right Ω(A)-crossed module, but one can also check directly that ∆ R * (x 1 ⊳dt 2 ) and ∆ R * ((dx 1 )⊳dt 2 ) obey the crossed module axiom.
One can also check that Ω(V (R)) is indeed a super-Hopf algebra in this category with x i , dx i primitive and with the braiding for Ω(V (R)) in the crossed module category coming out from the action and coaction of Ω(A) as
In this way, one verifies that the conditions of Lemma 4.4 (ii) hold. We exhibit directly that the construction works by showing that the super coproduct ∆ * of Ω(A· ⊲<V (R)) is indeed well-defined degree 1. We let λ = q −2 − 1. Then,
21 − R). We also exhibit that this bimodule relation is compatible with the graded-Leibniz rule as it must,
21 ) − λP = 0. Similarly for the other relations.
We also know by Corollary 4.5 that the right A· ⊲<V (R)-coaction ∆ R x = x ⊗ t + 1 ⊗ x ∈ V (R) ⊗ A· ⊲<V (R) on V (R) underlying our view of the former as an inhomogeneous quantum group is differentiable for the exterior algebras above.
4.4.
Calculations for the smallest R-matrices. The construction in Theorem 4.7 includes the standard q-deformation R-matrix for the SL n for all n as these are all known to be q-Hecke when normalised correctly, see [8] . In this case A = C q [GL n ] and V (R) = C n q is the standard quantum-braided plane with relations
In this section, we show n = 1 and n = 2 explicitly.
] the algebraic circle with ∆t = t ⊗ t and with strongly bicovariant exterior algebra structure
by Lemma 2.6, and implied relations for t −1 . (This is the standard bicovariant calculus on a circle for a free parameter q). We have B = V (R) = C[x] with calculus (dx)x = q 2 xdx, (dx) 2 = 0, which is A-covariant with ∆ R x = x ⊗ t by Lemma 2.7. 
The super bosonisation defines a strongly bicovariant exterior algebra Ω(C q [B + ]) := Ω(A)· ⊲<Ω(B) with relations and comultiplication
Proof. This is read off immediately from Theorem 4.7 but is also simple enough to verify the key facts by hand.
Remark 4.9. The Hopf algebra C q [B + ] is also called the Sweedler-Taft algebra (but we think of it as a q-deformed coordinate algebra). One can also think of it as U q (b + ) and in this case the exterior algebra is the two dimensional Ω(U q (b + )) found in [23] . In addition, we can work with q a primitive odd root of unity where now A = C q [t]/(t n − 1) and B = C[x]/(x n ), giving us the the exterior algebra of the reduced quantum group c q [B + ] with additional relations t n = 1 and x n = 0.
We now compute the rather more complicated n = 2 case where A = C q [GL 2 ]. We recall that this has generators t 1 1 = a, t 1 2 = b, t 2 1 = c, t 2 2 = d with relations, invertible determinant, coproduct and antipode ba = qab, ca = qac, db = qbd, dc = qcd
Next, A has an obvious 1-parameter family of coquasitriangular structures
with R = R 0 the q-Hecke normalisation. The choice of R means a 1-parameter family Ω α (C q [GL 2 ]) if we use the standard construction for differentials on coquasitriangular Hopf algebras. We refer to [18] for a recent general treatment, specialising which in our case gives the exterior algebra in the form C q [GL 2 ]· ⊲<Λ where the space of left-invariant 1-forms Λ 1 has basis e a , e b , e c , e d and cross relations
The calculus is inner with θ = e a + e d , which defines d. When α = − 1 2 the calculus descends to the quotient D = 1 giving the standard 4D calculus on C q [SL 2 ] as in [26] but otherwise we are in the same family but with a different q-factor in the commutation relations. On the other hand, the crossed module braiding Ψ on Λ 1 as given in [18] has an equal number of R α and its appropriate inverse, so does not depend on the normalisation factor in R α . Hence the leftinvariant exterior algebra Λ = T Λ 1 / ker(id − Ψ) is the same as for the standard 4D calculus on C q [SL 2 ], namely the usual graded-commutative Grassmanian algebra on e a , e b , e c and 
along with implied relations for D −1 , and is isomorphic to the α = 0 member of the standard family of 4D bicovariant calculi
Proof. The displayed relations are a routine calculation from Lemma 2.6. Next, working in this calculus, we consider the basis of left-invariant 1-form ω a = ̟(a),
, where ̟(a) = (Sa (1) )da (2) is the quantum Maurer-Cartan form. Explicitly we have basic forms and their relations
where λ = q − q −1 , and exterior derivative
It is then a straightforward calculation to prove that ϕ :
given by the identity map for elements of degree 0 and
is an isomorphism.
We next consider the quantum-braided plane B = C 2 q generated by x 1 , x 2 with relation x 2 x 1 = qx 1 x 2 and viewed initially as a braided-Hopf algebra in the category of right C q [GL 2 ] modules and with exterior algebra Ω(C 2 q ) with standard relations and coaction from Lemma 2.7,
We also recall C q Proposition 4.11. The 4D strongly bicovariant calculus Ω(C q [GL 2 ]) constructed from Lemma 2.6 is the universal strongly bicovariant exterior algebra such that
, we obtain all the relations stated in Lemma 4.10 except for those stated for (da)d, (db)c, (dc)b, (dd)a, (dc)db and (dd)da, but we also get the following additional conditions 
By applying d to the stated bimodule relations, we obtain
Universal here means we used only the conditions stated to derive the relations, but there could be quotients with the same two properties. It seems likely that similar results apply for all C q [GL n ] but this is beyond our scope here (it would require rather more machinery than we have recalled here, such as properties of the quantum Killing form in [18] ). We are now ready to state our example of Theorem 4.7. 
where λ = q −2 − 1. Its super bosonisation is a strongly bicovariant exterior algebra
, Ω(C 2 q ) and cross relations and super coproduct
along with the coproduct of Ω(C q [GL 2 ]) a sub-super Hopf algebra. Moreover, the canonical coaction
Proof. We apply Theorem 4.7. The C q [GL 2 ]-crossed module structure has coaction ∆ R x i = x j ⊗ t 
q it a quantum deformation of a maximal parabolic P ⊂ SL 3 and one can check that this is indeed isomorphic to a quotient of C q [SL 3 ]. We have found its strongly bicovariant calculus and moreover it coacts differentiably on C 2 q by our results. The same construction still works when q is a primitive n-th odd root of unity. Here we take A = c q [ 
Differentials on bicrossproduct Hopf algebras
We conclude the paper with quantum differentials for the second main construction for cross product algebras as inhomogeneous quantum groups, namely the bicrossproducts from [10] using the notation of [8] .
5.1. Exterior algebras by super bicrossproduct. Let H and A be two Hopf algebras with A a left H-module algebra by left action ⊲ and H be a right Acomodule coalgebra by map β : (1) . We suppose in this section that ⊲ and β are compatible as in [10, 8] such that the cross (or smash) product by ⊲ and cross coproduct by β form a 'bicrossproduct' Hopf algebra A◮⊳H. In the same spirit as Section 4, we now construct a strongly bicovariant exterior algebra on A◮⊳H by a super bicrossproduct.
To this end, suppose that Ω(A) and Ω(H) are strongly bicovariant exterior algebras and that ⊲ is differentiable. This entails that Ω(A) is H-covariant i.e. an H-module algebra by an action ⊲ : H ⊗ Ω(A) → Ω(A) commuting with d and that this extends further to an Ω(H)-module algebra by ⊲ :
for all ω ∈ Ω(A) and η ∈ Ω(H).
On the dual side, we assume that β extends to a degree-preserving super coaction
super Ω(A)-comodule coalgebra and
If further ⊲ and β * obey the super bicrossproduct conditions:
then we have a bicrossproduct super Hopf algebra Ω(A)◮⊳Ω(H) with product and coproduct (ω ⊗ η)(τ ⊗ ξ) = (−1) |η (2) ||τ | ω(η (1) ⊲τ ) ⊗ η (2) ξ ∆ * (ω ⊗ η) = (−1)
|ω (2) ||η (1) (0) * | ω (1) ⊗ η (1) (0) * ⊗ ω (2) η (1) (1) * ⊗ η (2) for all ω, τ ∈ Ω(A) and for all η, ξ ∈ Ω(H). We omit the proof since this is similar to the usual version [10, 8] with some extra signs.
Theorem 5.1. Let A, H be Hopf algebras forming a bicrossproduct A◮⊳H and let Ω(A) and Ω(H) be strongly bicovariant exterior algebras with ⊲, β * obey the conditions (5.1)-(5.6). Then Ω(A◮⊳H) := Ω(A)◮⊳Ω(H) is a strongly bicovariant exterior algebra on A◮⊳H with differential
Proof. This is clear since the super algebra structure here is a left reversal of the right-handed super cross product and the super coalgebra structure is the super right cross coproduct, both are already proved in Theorem 4.3 with the same form of d.
In practice, we typically only need to know that the bicrossproduct action ⊲ and coaction β extend to degree 1 to construct the super bicrossproduct, since the extension to higher degrees is determined. Note also that if Ω(A) is an H-module algebra and if Ω(H) is the maximal prolongation of Ω 1 (H), then by the left-hand reversal of Lemma 4.4(i), Ω(A) is a super Ω(H)-module algebra such that (5.1) holds.
Lemma 5.2. Let A, H be Hopf algebras forming a bicrossproduct A◮⊳H. Let Ω(A) be a super left Ω(H)-module algebra such that (5.1) holds, suppose that the coaction extends to a well-defined map β * :
(1) (h (2) ⊲d A g (1) ) for all h, g ∈ H, and suppose that the action obeys ǫ(η⊲ω) = ǫ(η)ǫ(ω) and (2) ∆ * (h⊲d A a) = h (1) (0) ⊲d A a (1) ⊗h (1) (1) (h (2) ⊲a (2) )+h (1) (0) ⊲a (1) ⊗h (1) (1) (h (2) ⊲d A a (2) ) (3) h (2) (0) ⊗(h (1) ⊲d A a)h (2) (1) = h (1) (0) ⊗h (1) (1) (h (2) ⊲d A a) for all h ∈ H and a ∈ A. If Ω(H) is the maximal prolongation of Ω 1 (H), and Ω(A) is the maximal prolongation of Ω 1 (A), then β * extends to all degrees obeying (5.4)-(5.6) and form Ω(A)◮⊳Ω(H) by Theorem 5.1.
Proof. (i) First we first check that β * ((d H h)g) also satisfies (5.5) for products from the other side, We can also extend this by applying d H ⊗ id + id ⊗ d A to the assumption (3), where we have
which is equivalent to (−1)
(1) 
